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ȍȹȭȰȯ
ʄʘʪʝʨʠʿʘʣʦʪʟʘʧʨʝʜʤʝʪʦʪʇʨʝʥʦʩʥʘʪʦʧʣʠʥʘ, ʢʦʥʮʠʧʠʨʘʥʝ ʟʘ

ʟʘʧʦʟʥʘʚʘˁʝʥʘʩʪʫʜʝʥʪʠʪʝʦʜʄʘʰʠʥʩʢʠʦʪʦʪʩʝʢ(ʊʝʭʥʠʯʢʠʬʘʢʫʣʪʝʪ

ɹʠʪʦʣʘ,ʩʪʫʜʠʩʢʘʧʨʦʛʨʘʤʘ- ʝʥʝʨʛʝʪʠʢʘ), ʩʦʧʨʦʙʣʝʤʘʪʠʢʘʪʘʥʘ

ʧʨʝʥʦʩʦʪʥʘʪʦʧʣʠʥʘ, ʢʘʢʦʜʦʧʦʣʥʫʚʘˁʝʠʥʘʜʛʨʘʜʙʘʥʘʟʥʘʝˁʘʪʘ

ʦʜʦʙʣʘʩʪʘʥʘʪʝʨʤʦʜʠʥʘʤʠʢʘ.

ɺʦʤʘʪʝʨʠʿʘʣʦʪ,ʧʨʦʙʣʝʤʘʪʠʢʘʪʘʩʝʨʘʟʛʣʝʜʫʚʘʦʜʘʩʧʝʢʪʥʘʥʘʯʠʥʠʪʝʥʘ

ʬʫʥʢʮʠʦʥʠʨʘˁʝʠʤʝʭʘʥʠʟʤʠʪʝʥʘʜʝʣʫʚʘˁʝʢʘʧʿʨʝʥʦʩʦʪʥʘʪʦʧʣʠʥʘ.

ʈʘʟʛʣʝʜʫʚʘʥʠʩʝʤʝʭʘʥʠʟʤʠʪʝʥʘʩʧʨʦʚʝʜʫʚʘˁʝ,ʢʦʥʜʫʢʮʠʿʘʠʟʨʘʯʝˁʝ,

ʩʦʢʦʠʩʝʨʝʘʣʠʟʠʨʘʧʨʝʥʦʩʦʪʥʘʪʦʧʣʠʥʘ.

ʇʦʢʨʘʿʩʘʤʘʪʘʩʫʰʪʠʥʘʥʘʬʫʥʢʮʠʦʥʠʨʘˁʝ,ʟʘʧʨʦʮʝʩʠʪʝ,ʚʦʤʘʪʝʨʠʿʘʣʦʪ

ʩʝʥʘʚʝʜʫʚʘʘʪʠ ʨʝʜʠʮʘʧʦʜʘʪʦʮʠ,ʢʦʠʤʦʞʘʪʜʘʧʦʤʦʞʘʪʟʘ

ʨʘʟʙʠʨʘˁʝʥʘʧʨʦʙʣʝʤʘʪʠʢʘʪʘʢʦʿʘʩʝʦʙʨʘʙʦʪʫʚʘ.

ɿʘʦʬʦʨʤʫʚʘˁʝʥʘʤʘʪʝʨʠʿʘʣʦʪ,ʩʧʨʝʤʘʢʦʦʿʜ2013 ʛ. ʩʝʜʨʞʘʪʧʨʝʜʘʚʘ-

ˁʘ,ʧʦʢʨʘʿʜʝʣʩʦʧʩʪʚʝʥʠ,ʢʦʨʠʩʪʝʥʠʩʝʠʧʨʝʚʝʜʝʥʠʧʨʝʜʘʚʘˁʘʦʜ

ʠʥʪʝʨʥʝʪʚʝʙʩʪʨʘʥʠ
http://wwwme.nchu.edu.tw/Enter/html/lab/lab516/Heat%20Transfer/chapter_2.pdf, ʠ.ʪ.ʥ.

(Yoav Peles - Department of Mechanical, Aerospace and Nuclear

Engineering Rensselaer Polytechnic Institute)
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ȍȹȭȰȯ

ʄʘʪʝʨʠʿʘʣʦʪʟʘʧʨʝʥʦʩʥʘʪʦʧʣʠʥʘʧʨʠʧʨʦʮʝʩʠʥʘʠʩʧʘʨʫʚʘˁʝʠ

ʢʦʥʜʝʥʟʘʮʠʿʘʝʧʨʠʧʨʝʤʝʥʦʜʢʦʣʝʛʘʪʘʤ-ʨʈʠʩʪʦʈʠʩʪʝʚʩʢʠ,ʘ

ʤʘʪʝʨʠʿʘʣʦʪʟʘʧʨʝʥʦʩʥʘʤʘʩʘʝʧʨʠʧʨʝʤʝʥʦʜʢʦʣʝʛʘʪʘ

ɺʦʥ. ʧʨʦʬʜ-ʨɺʘʥʛʝʣʯʝʄʠʪʨʝʚʩʢʠ.

ʇʨʝʜʘʚʘˁʘʪʘʢʦʠʩʝʧʨʝʟʝʥʪʠʨʘʥʠ,ʩʝʚʦʦʙʝʤʧʦʛʦʣʝʤʦʜʧʦʪʨʝ-

ʙʠʪʝʟʘʧʨʝʜʤʝʪʦʪ,ʤʝʺʫʪʦʘ,ʩʝʥʘʚʝʜʫʚʘʘʪʟʘʨʘʜʠʢʦʤʧʣʝʪʥʦʩʪ

ʥʘʤʘʪʝʨʠʿʘʣʦʪ.

ʃʠʪʝʨʘʪʫʨʘʪʘʢʦʿʘʝʥʘʚʝʜʝʥʘʝʠʩʪʦʪʘʢʘ,ʚʦʧʦʛʦʣʝʤʦʙʝʤ,ʜʘ

ʤʦʞʝʜʘʩʝʧʦʙʘʨʘʠʜʘʩʝʢʦʨʠʩʪʠ,ʢʦʛʘʟʘʪʦʘ˃ʝʩʝʧʦʿʘʚʠ

ʧʦʪʨʝʙʘ.



ʊʝʨʤʦʪʝʭʥʠʯʢʠ ʦʩʥʦʚʠ

ʇʨʦʬ. ʜ-ʨ ɬʦʨʺʠ ʊʨʦʤʙʝʚ



ȍȹȭȰȯ

ʈʘʟʤʝʥʘʥʘʪʦʧʣʠʥʘ, ʩʝʨʝʜʠʮʘʧʦʿʘʚʠʢʦʠʩʝ

ʧʨʠʩʫʪʥʠʠʥʝʧʨʘʪʘʪʮʝʣʦʚʨʝʤʝʚʦʪʝʢʦʪʥʘʥʘʰʝʪʦ

ʧʦʩʪʦʝˁʝ.

ʌʘʢʪʠʯʢʠ,ʨʘʟʤʝʥʘʪʘʥʘʪʦʧʣʠʥʘʝʬʝʥʦʤʝʥʢʦʝʿ

ʩʝʧʨʠʩʫʪʝʥʚʦʥʘʰʝʪʦʦʢʨʫʞʫʚʘˁʝʠʢʦʛʘʩʝʨʘʙʦʪʠ

ʟʘʧʨʦʮʝʩʠʪʝʢʦʠʯʦʚʝʢʦʪʛʠʠʥʠʮʠʨʘʠʢʦʥʪʨʦʣʠʨʘ,

ʤʝʺʫʪʦʘʠʢʘʧʿʨʦʮʝʩʠʪʝʢʦʠʩʝʤʘʥʠʬʝʩʪʠʨʘʘʪʢʘʢʦ

ʧʨʠʨʦʜʥʠʧʦʿʘʚʠ.



ȝȰȻȷȹȽȰɀȸȳɂȵȳ ȹȼȸȹȭȳ

ʇʨʝʥʦʩʦʪ ʥʘ ʪʦʧʣʠʥʘ ʚʦ ʦʩʥʦʚʘ ʩʝ ʙʘʟʠʨʘ ʥʘ 

ʟʘʢʦʥʠʪʝ ʦʜ ʦʙʣʘʩʪʠʪʝ ʥʘ :

Åʊʝʨʤʦʜʠʥʘʤʠʢʘʪʘ,

Åʄʝʭʘʥʠʢʘʪʘ ʥʘ ʬʣʫʠʜʠ.



ȝȰȻȷȹȽȰɀȸȳɂȵȳ ȹȼȸȹȭȳ

Åʊʝʨʤʦʜʠʥʘʤʠʢʘʪʘ, ʩʝʦʟʥʘʯʫʚʘʢʘʢʦʥʘʫʢʘʢʦʿʘʛʠ

ʠʟʫʯʫʚʘʧʦʿʘʚʠʪʝʩʚʨʟʘʥʠʩʦʧʨʝʪʚʦʨʘˁʝʪʦʥʘ

ʝʥʝʨʛʠʿʘʪʘʦʜʝʜʝʥʚʦʜʨʫʛʚʠʜ( ʦʙʣʠʢ).

Åɺʦʝʜʥʦ,ʪʝʨʤʦʜʠʥʘʤʠʢʘʪʘ,ʚʦʦʩʥʦʚʘʩʝʟʘʥʠʤʘʚʘ

ʩʦʨʘʤʥʦʪʝʞʥʠʩʦʩʪʦʿʙʠ,ʢʦʠʩʝʤʝʥʫʚʘʘʪʦʜʝʜʥʘ

ʨʘʤʥʦʪʝʞʥʘʩʦʩʪʦʿʙʘʜʦʜʨʫʛʘ.



ȝȹȺȶȳȸȫ ȳ ȯȻȾȮȳ ȿȹȻȷȳ ȸȫ ȰȸȰȻȮȳɒȫ

Â ɽʥʝʨʛʠʿʘʪʘʩʝʩʨʝʪʥʫʚʘʚʦʨʘʟʣʠʯʥʠʬʦʨʤʠ,ʢʘʢʦ:
ī ʪʦʧʣʠʥʩʢʘ,

ī ʤʝʭʘʥʠʯʢʘ,

ī ʢʠʥʝʪʠʯʢʘ,

ī ʧʦʪʝʥʮʠʿʘʣʥʘ,

ī ʝʣʝʢʪʨʠʯʥʘ,

ī ʤʘʛʥʝʪʥʘ,

ī ʭʝʤʠʩʢʘʠ

ī ʥʫʢʣʝʘʨʥʘ.

Â ɿʘʦʜʨʝʜʝʥʩʠʩʪʝʤ,ʟʙʠʨʦʪʥʘʩʠʪʝʚʠʜʦʚʠʝʥʝʨʛʠʠ,
ʧʨʝʪʩʪʘʚʫʚʘʚʢʫʧʥʘʝʥʝʨʛʠʿʘʥʘʩʠʩʪʝʤʦʪ.

Â ɿʙʠʨʦʪʥʘʩʠʪʝʤʠʢʨʦʩʢʦʧʩʢʠʬʦʨʤʠʥʘʝʥʝʨʛʠʿʘʩʝ
ʥʘʨʝʢʫʚʘʚʥʘʪʨʝʰʥʘʝʥʝʨʛʠʿʘʥʘʩʠʩʪʝʤʦʪ.
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ȍȸȫȽȻȰɃȸȫ ȰȸȰȻȮȳɒȫ

ɺʥʘʪʨʝʰʥʘʝʥʝʨʛʠʿʘ, ʢʘʢʦʟʙʠʨʦʜʢʠʥʝʪʠʯʢʘʪʘʠ

ʧʦʪʝʥʮʠʿʘʣʥʘʪʘʝʥʝʨʛʠʿʘʥʘʤʦʣʝʢʫʣʠʪʝʠʘʪʦʤʠʪʝ

ʦʜʨʘʙʦʪʥʦʪʦʪʝʣʦ.

ʂʘʢʦʧʘʨʘʤʝʪʘʨʥʘʩʦʩʪʦʿʙʘʪʘ( ʩʝʦʜʥʝʩʫʚʘʥʘ

ʦʜʨʝʜʝʥʘʩʦʩʪʦʿʙʘʥʘʪʝʣʦʪʦ), ʠʩʪʘʪʘʝ ʚʦ

ʬʫʥʢʮʠʦʥʘʣʥʘʚʨʩʢʘʩʦʧʨʠʪʠʩʦʢʦʪʠʪʝʤʧʝʨʘʪʫ-

ʨʘʪʘ( ʠʣʠʩʧʝʮʠʬʠʯʥʠʦʪʚʦʣʫʤʝʥ), ʩʧʨʝʤʘ:

u = f1 (p,T) = f2 (p,v) = f3 (v,T)

Â ʂʘʠʿʜʝʘʣʥʠʛʘʩʦʚʠʝ: u = f (T)
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Koli~estvo na toplina

ʂʦʣʠʯʝʩʪʚʦʥʘʪʦʧʣʠʥʘ, ʢʘʢʦʜʦʚʝʜʝʥʦ,ʠʣʠ

ʦʜʚʝʜʝʥʦʢʦʣʠʯʝʩʪʚʦʥʘʪʦʧʣʠʥʘʢʦʥʠʦʜ

ʨʘʙʦʪʥʦʪʦʪʝʣʦ.

ʅʝ ʩʝ ʧʦʠʩʪʦʚʝʪʫʚʘ ʩʦ ʚʥʘʪʨʝʰʥʘʪʘ ʝʥʝʨʛʠʿʘ. 

ʅʝʝʧʘʨʘʤʝʪʘʨʥʘʩʦʩʪʦʿʙʘ,ʩʦʦʙʟʠʨʜʝʢʘʩʝ

ʦʜʥʝʩʫʚʘʟʘʧʨʦʤʝʥʠʪʝʥʘʢʦʠʩʝʠʟʣʦʞʫʚʘ

ʪʝʣʦʪʦ,ʢʘʢʦʠʥʘʥʘʯʠʥʦʪʥʘʢʦʩʿʝʨʝʘʣʠʟʠʨʘ

ʧʨʦʮʝʩʦʪ.
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Specifi~en toplinski kapacitet

Â ʉʧʝʮʠʬʠʯʝʥʪʦʧʣʠʥʩʢʠʢʘʧʘʮʠʪʝʪ,ʢʘʢʦʢʦʣʠʯʝʩʪʚʦ

ʥʘʪʦʧʣʠʥʘ,ʧʦʪʨʝʙʥʦʜʘʩʝʜʦʚʝʜʝʜʦʝʜʠʥʠʮʘ

ʢʦʣʠʯʝʩʪʚʦʥʘʦʜʨʝʜʝʥʘʤʘʪʝʨʠʿʘʟʘʜʘʩʝʟʛʦʣʝʤʠ

ʪʝʤʧʝʨʘʪʫʨʘʪʘʟʘ1 oC.

Â ʏʝʩʪʦʩʝʢʦʨʠʩʪʠʠʪʝʨʤʠʥʦʪ- ʩʧʝʮʠʬʠʯʥʘʪʦʧʣʠʥʘ,

ʠʘʢʦʥʝʝʜʦʢʨʘʿʢʦʨʝʢʪʥʦ.
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Specifi~en toplinski kapacitet

Â ʂʘʢʦʝʜʠʥʠʮʘʢʦʣʠʯʝʩʪʚʦʤʘʪʝʨʠʿʘ,ʤʦʞʝʜʘʙʠʜʝ

kg, mol, m3, ʧʨʠhʪʦʤʦʞʝʜʘʩʝʨʘʟʛʣʝʜʫʚʘʤʘʩʝʥ,

ʤʦʣʘʨʝʥ, ʠʣʠʚʦʣʫʤʝʥʩʢʠʩʧʝʮʠʬʠʯʝʥʪʦʧʣʠʥʩʢʠ

ʢʘʧʘʮʠʪʝʪ.

Â Spec. topl . kapacitet , zavisi od prirodata na

materijata i od procesot na promena na sostojbata

Â Vo praksa, naj~esto se koristi izobaren i izohoren

specifi~en toplinski kapacitet .



Rabota

Â ʈʘʙʦʪʘ, ʯʝʩʪʦ ʩʝ ʥʘʨʝʢʫʚʘ ʚʦʣʫʤʝʥʩʢʘ ʨʘʙʦʪʘ, ʢʘʢʦ 

ʨʘʙʦʪʘ ʢʦʿʘ ʩʝ ʜʦʙʠʚʘ ʧʨʠ ʝʢʩʧʘʥʟʠʿʘ, ʠʣʠ ʨʘʙʦʪʘ ʢʦʿʘ 

ʩʝ ʪʨʦʰʠ ʧʨʠ ʢʦʤʧʨʝʩʠʿʘ ʥʘ ʛʘʩʦʚʠ ʠ ʧʘʨʝʠ. 

Â ɿʘ ʠʜʝʘʣʥʠ ʛʘʩʦʚʠ, ʧʨʠ ʝʢʩʧʘʥʟʠʿʘ ʥʘ ʛʘʩ ʦʜ V1 (v1)ʥʘ 

V2 (v2), ʚʘʞʠ :
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ñÖ=
2

1

V

V

dVpLñÖ=
2

1

v

v

dvpl



Entalpija

Â ɽʥʪʘʣʧʠʿʘ, ʢʘʢʦʧʘʨʘʤʝʪʘʨʥʘʩʦʩʪʦʿʙʘʚʦʚʝʜʝʥ

ʢʘʢʦʪʝʨʦʨʝʪʩʢʘʛʦʣʝʤʠʥʘ.

Â ʅʝʤʦʞʝʜʘʩʝʠʟʤʝʨʠʠʩʝʦʧʨʝʜʝʣʫʚʘʥʘʧʨʝʩ-

ʤʝʪʢʦʚʝʥʥʘʯʠʥ. ʉʝʜʝʬʠʥʠʨʘ, ʢʘʢʦ

Â ʟa p = const., va`i :
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vpUI Ö+=

vpui Ö+=

dTcdi pÖ=
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Prv zakon na termodinamikata

Toplinata e oblik na energija koj mo`e da se dobie od

mehani~ka rabota , ili da se pretvori vo mehani~ka

rabota ,

t .e. kako ɿakon za za~uvuvawe na energijata :

ʝʥʝʨʛʠʿʘʪʘniti mo`e da se dobie , niti pak da se izgubi ,

tuku , vo ista koli~ina , mo`e da se transformira od

edenvo nekoj drug oblik .
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Vtor zakon na termodinamikata

Se iska`uva na pove}e razli~ni na~ini so isto
zna~ewe:

Ç Toplinata nikoga {, samaod sebe ne mo`e da
preo|a od tela so poniska na tela so povisoka
temperatura ( postulat na Clausius)

Ç Ne mo`e da se napravi ma{ ina so periodi~no
dejstvo, koja bi odzemala toplina od eden
toplinski rezervoar i bi ja pretvorala vo
mehani~ka rabota ( postulat na Thomson ),

Ç Prirodata se stremi od pomalku, kon pove}e
verojatni sostojbi ( Bolzman ), i .t .n.
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Ȍȳȶȫȸȼȳ

 

 

ɆEvl 

Qvl 

Pvl 

Evl Eizl 

Pizl 

Qizl 

 

 

 

 

 

 

 

 

 

 

 

 

 

ʂʦʥʪʨʦʣʝʥ ʚʦʣʫʤʝʥ 

 

ɆEizl 

ɽʥʝʨʛʝʪʩʢʠ ʙʠʣʘʥʩ- ʦʩʥʦʚʝʥ ʧʦʢʘʟʘʪʝʣ ʟʘ ʪʝʨʤʠʯʢʠ ʧʨʦʮʝʩʠ ʠ 

ʚʦ ʢʨʘʿʥʘ ʣʠʥʠʿʘ ʧʨʦʮʝʩ ʥʘ ʢʦʤʧʣʝʪʥʘ ʧʦʩʪʨʦʿʢʘ

ʉʫʰʪʠʥʘʪʘ ʝ ʜʝʢʘ :

ʝʥʝʨʛʠʿʘʪʘ ʥʘ ʚʣʝʟ ʚʦ ʩʠʩʪʝʤʦʪ ʝ ʝʜʥʘʢʚʘ ʥʘ ʝʥʝʨʛʠʿʘʪʘ 

ʥʘ ʠʟʣʝʟ ʦʜ ʩʠʩʪʝʤʦʪ, ʙʝʟ ʨʘʟʣʠʢʘ ʥʘ ʚʠʜʦʪ ʥʘ ʝʥʝʨʛʠʠʪʝ 

ʥʘ ʚʣʝʟ ʠ ʠʟʣʝʟ.
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ȐȸȰȻȮȰȽȼȵȳ Ȭȳȶȫȸȼ

ɽʥʝʨʛʝʪʩʢʠʦʪʙʠʣʘʥʩʩʝʙʘʟʠʨʘʥʘʇʨʚʠʦʪʟʘʢʦʥʥʘ

ʪʝʨʤʦʜʠʥʘʤʠʢʘʪʘʠʩʝʠʟʨʘʟʫʚʘʢʘʢʦʤʘʪʝʤʘʪʠʯʢʘ

ʧʨʝʟʝʥʪʘʮʠʿʘʥʘʠʩʪʠʦʪ,ʢʘʢʦ:

IZLIZLIZLVLVLVL PEQPEQ ++=++

IZLVL EE ,, SS =

ɽʥʝʨʛʝʪʩʢʠʦʪʙʠʣʘʥʩ,ʛʦʧʦʜʨʘʟʙʠʨʘʠʤʘʪʝʨʠʿʘʣ-

ʥʠʦʪʙʠʣʘʥʩ, ʢʦ ʜʿʦʧʦʣʥʝʪʩʦʤʝʪʦʜʦʪʥʘ

ʢʦʝʬʠʮʠʝʥʪʠʥʘʢʦʨʠʩʥʦʜʝʿʩʪʚʦ( ʢ.ʧ.ʜ. ), ʛʠʜʘʚʘ

ʦʩʥʦʚʥʠʪʝʪʝʨʤʦʜʠʥʘʤʠʯʢʠʧʦʢʘʟʘʪʝʣʠ,ʢʘʢʦʧʨʦʠʟ-

ʚʦʜʠʪʝʣʥʦʩʪʥʘ ʧʦʩʪʨʦʿʢʠʪʝ,ʧʦʪʨʦʰʫʚʘʯʢʘʥʘ

ʝʥʝʨʛʠʿʘ,ʜʦʙʠʝʥʘʨʘʙʦʪʘʠʩʣ.



ȝȰȻȷȹȽȰɀȸȳɂȵȳ ȹȼȸȹȭȳ

Åʄʝʭʘʥʠʢʘʪʘʥʘʬʣʫʠʜʠʩʝʦʜʥʝʩʫʚʘʥʘ

ʪʘʨʥʩʧʦʨʪʦʪʥʘʤʘʪʝʨʠʿʘ,ʚʦʦʙʣʠʢʥʘʩʪʨʫʝˁʝ

ʥʘʬʣʫʠʜʠ.



ʉʪʨʫʝˁʝʥʘʬʣʫʠʜʠ

ʊʨʠ ʛʣʘʚʥʠʢʦʦʨʜʠʥʘʪʥʠ ʩʠʩʪʝʤʠ :
Ç ɼʝʢʘʨʪʦʚʢʦʦʨʜʠʥʘʪʝʥ 

ʩʠʩʪʝʤ [ T(x, y, z, t) ]

Ç ʂʦʦʨʜʠʥʘʪʝʥ ʩʠʩʪʝʤ ʩʦ ʮʠʣʠʥʜʨʠʯʥʠ 

ʢʦʦʨʜʠʥʘʪʠ[ T(r, f, z, t) ]

Ç ʂʦʦʨʜʠʥʘʪʝʥ ʩʠʩʪʝʤ ʩʦ ʩʬʝʨʥʠ 

ʢʦʦʨʜʠʥʘʪʠ[ T(r, f, q, t) ].



ʉʪʨʫʝˁʝʥʘʬʣʫʠʜʠ

Â Vo op{t slu~aj, definiraweto na strueweto, se svedu -
va na definirawe na poliwa na fizi~kite golemini :

w = w ( x, y, z, t)

p = p ( x, y, z, t)

r= r( x, y, z, t)

T = T ( x, y, z, t)

kade:

wïvektor na brzina ;

ʨ - pritisok ;

r -gustina ;

t ïtemeratura ;

x, y, z ïkoordinati na to~kata vo prostorot ;

t- vreme .



ʉʪʨʫʝˁʝʥʘʬʣʫʠʜʠ

Â Strueweto i parametrite na strueweto za realen
fluid, vo najop{t slu~aj , iako vo mnogu slo`en
oblik , matemati~ki mo`e da se opi {at, so sistem
od nelinearni parcijalni diferencijalni raven-
ki , kako :

Á ʈavenkata na kontinuitet

Á Navier -[ toksovite ravenki

Á ʄodelot na turbulencija

Á ʈavenkata na sostojbata

Á ʂarakteristikite na fluidite, vo oblik na

funkcionalni zavisnosti



ʉʪʨʫʝˁʝʥʘʬʣʫʠʜʠ

Â Zaradi slo`enosta na sistemot, za re{avawe na
komplicirani slu~ai na struewa, se razvivaat i
sekoristat specijalni numeri~ki metodi .

Â Za prakti~na primena, se upotrebuvaat uprosteni
metodi i na~ini za definirawe na baranite
parametri .

Â Uprostuvawata koi se voveduvaat, se odnesuvaat
na razli~nite uslovi pri koi se odvivaat
stʨuewata.



ʉʪʨʫʝˁʝʥʘʬʣʫʠʜʠ

Â ɺo zavisnost od promenata na parametrite na
strueweto po odnos na vremeto , se razgleduvaat :

Á ʉtacionarni struewa , kade parametrite na
strueweto sekonstantni po odnos na vremeto

Á ʅestacionarni struewa , kade paramterite
na strueweto semenuvaatpo odnos na vremeto

Â Vo zavisnost od prirodata na fluidot , struewata 
se razgleduvaat kako struewe na :

Á ʅekompresibilen fluid ,  r = const. 

Á ʂompresibilen fluid ,  r=/= const. ;

.



ʉʪʨʫʝˁʝʥʘʬʣʫʠʜʠ

Â Vo zavisnost od temperaturnite uslovi pri koi
seodvivaat , struewata se razgleduvaat kako :

Á ʀzotermni ,        t = const. ;

Á ʅeizotermni , t =/= const.

Â Vo zavisnost od karakterot na strueweto vo
prostorot, a i zaradi poednostavuvawe,
struewata se razgleduvat kako :

Á ɽdnodimenzionalni

Á ɼvodimenzionalni

Á ʊrodimenzionalni



ʉʪʨʫʝˁʝʥʘʬʣʫʠʜʠ

Â Vo zavisnost od re`imot , struewata se razgleduvaat
kako :

Á ʃaminarni ;

Á ʊurbulentni .

Â Vo zavisnost od toa , {to, kako i pri koi uslovi se
transportira , odʠʥʪʝʨʝʩsestruewata na fluidi :

Åʅiz cevki i kanali ;

Åʊurbulentni strui ( kako slobodni , polu -
ograni~eni i ograni~eni gasovozdu{ ni strui )

Åɼʨʫʛʦ.



ʉʪʨʫʝˁʝʥʘʬʣʫʠʜʠ

Uslovite i re`imite na rabota , pri koi se odvivaat
struewata , ʢʘʨʿʘʟʣʠʯʥʠʩʣʫʯʘʠ, dozvoluvaat redica
uprostuvawa na matemati~kite opisi .

ʏʝʩʪʦʧʘʪʠ, so dovolna to~nost za primena ,
strueweto niz cevki i kanali , se razgleduva
kako :

Á stacionarno ;

Á ednodimenzionalno ;

Á izotermno ;

Á struewe na nekompresibilen fluid



Struewe niz cevki i  kanali

ʈʘʚʝʥʢʘ ʥʘ ʢʦʥʪʠʥʫʠʪʝʪ

ʢʘʢʦʝʜʥʘʢʚʦʩʪ ʥʘ ʤʘʩʝʥʠʪʝ ʧʨʦʪʦʮʠ ʚʦ ʩʠʪʝ 
ʧʨʝʩʝʮʠ ʥʠʟ ʢʦʠ ʩʪʨʫʠ ʬʣʫʠʜʦʪ, :

mi = (rw A )i = const. 

ɺʘʞʠ ʟʘ ʩʪʘʮʠʦʥʘʨʥʦ ʩʪʨʫʝˁʝ ʚʦ ʮʝʚʢʠ ʠ 
ʢʘʥʘʣʠ.



ɺʦʣʫʤʝʥʩʢʠ ʧʨʦʪʦʢ 

qVi = (  m / r) i = ( w A )i

ʢʘʜʝ

Åmïʤʘʩʝʥ ʧʨʦʪʦʢ ʥʘ ʬʣʫʠʜ, kg/s

ÅqVïʚʦʣʫʤʝʥʩʢʠ ʧʨʦʪʦʢ ʥʘ ʬʣʫʠʜ, m3/s

Åwïʙʨʟʠʥʘ ʥʘ ʬʣʫʠʜ ʚʦ ʨʘʟʛʣʝʜʫʚʘʥ ʥʘʧʨʝʯʝʥ ʧʨʝʩʝʢ, 
m/s

ÅAïʧʦʚʨʰʠʥʘ ʥʘ ʨʘʟʛʣʝʜʫʚʘʥ ʥʘʧʨʝʯʝʥ ʧʨʝʩʝʢ, m2

Åɟ ïʛʫʩʪʠʥʘ ʥʘ ʬʣʫʠʜ, kg/m3

Åi ïʧʨʝʩʝʢ ʙʨ., -

Struewe niz cevki i  kanali



ʆʜʨʘʚʝʥʢʘʪʘʥʘʢʦʥʪʠʥʫʠʪʝʪ,ʢʘʩʿʪʘʮʠʦʥʘʨʥʦ
ʩʪʨʫʝˁʝʥʘʥʝʢʦʤʧʨʝʩʠʙʠʣʥʠʬʣʫʠʜʠʥʠʟ
ʮʝʚʢʠʠ ʢʘʥʘʣʠʩʦʧʨʦʤʝʥʣʠʚʠʥʘʧʨʝʯʥʠ
ʧʨʝʩʝʮʠ,ʩʝʠʟʨʘʟʫʚʘʘʪʟʘʚʠʩʥʦʩʪʠʪʝʥʘʙʨʟʠ-
ʥʠʪʝʥʘʬʣʫʠʜʠʪʝʚʦʦʜʥʦʩʥʘʧʦʚʨʰʠʥʠʪʝʥʘ
ʥʘʧʨʝʯʥʠʪʝʧʨʝʩʝʮʠ

w1 A1 = w2 A2 = w3 A3 = const

Struewe niz cevki i  kanali

ʉʪʨʫʝˁʝ ʥʘ ʬʣʫʠʜ ʥʠʟ ʮʝʚʢʦʚʦʜ, 
ʠʣʠ ʢʘʥʘʣ ʩʦ ʧʨʦʤʝʥʣʠʚ ʧʨʝʩʝʢ



ɿʘʢʦʥʦʪʟʘʟʘʯʫʚʫʚʘˁʝʥʘ
ʝʥʝʨʛʠʿʘʪʘ,ʠʟʨʘʟʝʥʚʦ
ʝʜʥʦʩʪʘʚʥʘʬʦʨʤʘ,ʧʦʛʦʜ-
ʥʘʟʘʢʦʨʠʩʪʝˁʝ

ȌȰȻȸȾȶȳȰȭȫ ȻȫȭȰȸȵȫ

( p + ɟg z + ɟw 2/ 2 + ȹpzag )i = const.

ʢʘʜʝ ʟʘ ʨʘʟʛʣʝʜʫʚʘʥ ʥʘʧʨʝʯʝʥ ʧʨʝʩʝʢ ( i ) :

Å pïʧʨʠʪʠʩʦʢ, ʈʘ

Å ȹpzagïʟʘʛʫʙʠ ʥʘ ʧʨʠʪʠʩʦʢ, ʈʘ

Å wïʙʨʟʠʥʘ ʥʘ ʬʣʫʠʜʦʪ, m/s

Å zïʚʠʩʠʥʩʢʘ ʨʘʟʣʠʢʘ ʚʦ ʦʜʥʦʩ ʥʘ ʨʝʬʝʨʝʥʪʥʦ ʥʠʚʦ, m

Å ɟ ïʛʫʩʪʠʥʘ ʥʘ ʬʣʫʠʜʦʪ, kg/m3 

Å g = 9.81 m/s2 - ʟʝʤʿʠʥʦ ʟʘʙʨʟʫʚʘˁʝ.

y1

y2

Dx1

Dx2
p2

A2

A1
v1

v2

r

p1

X

Y

time 1

time 2

m

m

z2

z1

w2

w1

ʚʨʝʤʝ

ʚʨʝʤʝ



ʉʪʘʪʠʯʢʘʠʜʠʥʘʤʠʯʢʘʢʦʤʧʦʥʝʥʪʘʥʘʧʨʠʪʠʩʦ-
ʢʦʪ,ʢʘʢʦʫʜʝʣʠʚʦʚʢʫʧʥʠʦʪʧʨʠʪʠʩʦʢ,ʦʜ
ʟʥʘʯʝˁʝʩʝʥʘʿʯʝʩʪʦ,ʢʘʩʿʪʨʫʝˁʘʥʘʚʦʟʜʫʭʠ
ʛʘʩʦʚʠʚʦʢʘʥʘʣʠ,ʥʦʩʝʦʜʟʥʘʯʝˁʝʠʟʘʩʪʨʫʝˁʘ
ʢʘʝʿʣʝʤʝʥʪʠʦʜʦʧʨʝʤʘ( ʝʞʝʢʪʦʨʠ,ʠ.ʪ.ʥ.).

ʆʜ ɹʝʨʥʫʣʠʝʚʘʪʘʨʘʚʝʥʢʘ,ʝʜʥʦʩʪʘʚʥʦʩʝ
ʦʜʨʝʜʫʚʘʘʪ,ʩʦʦʙʟʠʨʜʝʢʘʠʩʪʘʪʘʤʦʞʝʜʘʩʝ
ʧʨʝʪʩʪʘʚʠʚʦʦʙʣʠʢ,ʢʘʢʦ

( pst + pdin + ȹpzag )i = const.

ɻʦʣʝʤʠʥʘʪʘʥʘʙʨʟʠʥʘʪʘ,ja ʦʜʨʝʜʫʚʘʚʨʝʜʥʦʩʪʘʥʘ
ʜʠʥʘʤʠʯʢʠoʪ ʧʨʠʪʠʩʦʢʚʦʨʘʟʛʣʝʜʫʚʘʥʥʘʧʨʝʯʝʥ
ʧʨʝʩʝʢ,ʩʧʨʝʤʘ:

pdin = ɟw 2/ 2

ȜȽȫȽȳɂȵȳ ȳ ȯȳȸȫȷȳɂȵȳ ȺȻȳȽȳȼȹɁȳ



ʉʪʨʫʢʪʫʨʘʥʘʧʨʠʪʠʩʦʮʠʧʨʠʩʪʨʫʝˁʝʥʘ

ʬʣʫʠʜʥʠʟʮʝʚʢʦʚʦʜ/ʢʘʥʘʣʩʦʧʨʦʤʝʥʣʠʚʧʨʝʩʝʢ

Struewe niz cevki i  kanali



ȏȰȶ2a

țȫȭȰȸȵȳ Ȳȫ ȼȺȻȹȭȰȯȾȭȫɔȰ ȸȫ 

ȽȹȺȶȳȸȫ

35



ȍȹȭȰȯ

Â ʀʘʢʦʨʘʟʤʝʥʘʪʘʥʘʪʦʧʣʠʥʘʠʪʝʤʧʝʨʘʪʫʨʘʪʘʩʝʪʝʩʥʦ

ʧʦʚʨʟʘʥʠ,ʪʠʝʩʝʦʜʨʘʟʣʠʯʥʘʧʨʠʨʦʜʘ.

Â ʊʝʤʧʝʨʘʪʫʨʘʪʘʝʩʢʘʣʘʨʥʘʛʦʣʝʤʠʥʘ.

ʊʝʤʧʝʨʘʪʫʨʘʪʘʩʝʢʘʨʘʢʪʝʨʠʟʠʨʘʩʘʤʦʩʦʚʨʝʜʥʦʩʪ.

Â ʈʘʟʤʝʥʘʪʘʥʘʪʦʧʣʠʥʘʝʚʝʢʪʦʨʩʢʘʛʦʣʝʤʠʥʘ.

ʈʘʟʤʝʥʘʪʘʥʘʪʦʧʣʠʥʘʩʝʨʝʘʣʠʟʠʨʘʚʦʧʨʘʚʝʮʦʜʧʦʚʨʰʠʥʘʩʦ

ʧʦʚʠʩʦʢʘ,ʢʦʥʧʦʚʨʰʠʥʘʩʦʧʦʥʠʩʢʘʪʝʤʧʝʨʘʪʫʨʘ.

ʇʦʢʨʘʿʧʨʘʚʝʮʦʪʠʥʘʩʦʢʘʪʘʥʘʦʜʚʠʚʘˁʝʥʘʧʨʦʮʝʩʦʪ,ʟʘʨʘʟʤʝʥʘʪʘ

ʥʘʪʦʧʣʠʥʘʦʜʟʥʘʯʝˁʝʝʠʛʦʣʝʤʠʥʘʪʘʥʘʠʥʪʝʥʟʠʪʝʪʦʪʥʘʧʨʝʥʦʩʦʪ

ʥʘʪʦʧʣʠʥʘ.

Â ʇʦʛʦʥʩʢʘ ʩʠʣʘ ʟʘ ʙʠʣʦ ʢʘʢʚʘ ʬʦʨʤʘ ʥʘ ʨʘʟʤʝʥʘ ʥʘ 

ʪʦʧʣʠʥʘ ʝ ʧʦʩʪʦʝˁʝ ʥʘ ʪʝʤʧʝʨʘʪʫʨʥʘ ʨʘʟʣʠʢʘ.

ʂʦʣʢʫ ʝ ʧʦʛʦʣʝʤʘ ʪʝʤʧʝʨʘʪʫʨʥʘʪʘ ʨʘʟʣʠʢʘ, ʧʦʛʦʣʝʤ ʝ ʠʥʪʝʥʟʠʪʝʪʦʪ 

ʥʘ ʧʨʝʥʦʩʦʪ ʥʘ ʪʦʧʣʠʥʘ.
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ɺʦʟʘʚʠʩʥʦʩʪʦʜʧʨʦʙʣʝʤʘʪʠʢʘʪʘʢʦʿʘʩʝʨʘʟʛʣʝʜʫʚʘ,ʢʦʨʠʩʪʝˁʝʪʦʥʘ

ʘʜʝʢʚʘʪʝʥʢʦʦʨʜʠʥʘʪʝʥʩʠʩʪʝʤ,ʤʦʞʝʜʘʛʠʧʦʝʜʥʦʩʪʘʚʠʤʘʪʝʤʘʪʠʯʢʠʪʝ

ʦʧʠʩʠʥʘʧʨʦʮʝʩʠʪʝʥʘʨʘʟʤʝʥʘʪʘʥʘʪʦʧʣʠʥʘ.

ʊʨʠ ʛʣʘʚʥʠʢʦʦʨʜʠʥʘʪʥʠ ʩʠʩʪʝʤʠ :

Ç ɼʝʢʘʨʪʦʚʢʦʦʨʜʠʥʘʪʝʥ ʩʠʩʪʝʤ 

[ T(x, y, z, t) ] 

Ç ʂʦʦʨʜʠʥʘʪʝʥ ʩʠʩʪʝʤ ʩʦ ʮʠʣʠʥʜʨʠʯʥʠ 

ʢʦʦʨʜʠʥʘʪʠ[ T(r, f, z, t) ]

Ç ʂʦʦʨʜʠʥʘʪʝʥ ʩʠʩʪʝʤ ʩʦ ʩʬʝʨʥʠ 

ʢʦʦʨʜʠʥʘʪʠ[ T(r, f, q, t) ]

ȍȹȭȰȯ
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ʂʣʘʩʠʬʠʢʘʮʠʿʘʢʘʧʿʨʦʙʣʝʤʘʪʠʢʘʪʘʥʘʨʘʟʤʝʥʘ

ʥʘʪʦʧʣʠʥʘ:

Åʉʪʘʮʠʦʥʘʨʥʘʠʥʝʩʪʘʮʠʦʥʘʨʥʘʨʘʟʤʝʥʘʥʘ

ʪʦʧʣʠʥʘ,

Åʇʦʚʝ˃ʝʜʠʤʝʥʟʠʦʥʘʣʥʘʨʘʟʤʝʥʘʥʘʪʦʧʣʠʥʘ,

Åʈʘʟʤʝʥʘʥʘ ʪʦʧʣʠʥʘ,ʚʦ ʫʩʣʦʚʠʩʦ

ʛʝʥʝʨʠʨʘˁʝʥʘʪʦʧʣʠʥʩʢʘʝʥʝʨʛʠʿʘ.

ȍȹȭȰȯ
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ȜȽȫɁȳȹȸȫȻȸȫ ȳ ȸȰȼȽȫɁȳȹȸȫȻȸȫ ȻȫȲȷȰȸȫ ȸȫ ȽȹȺȶȳȸȫ 

Â ʉʪʘʮʠʦʥʘʨʥʘʨʘʟʤʝʥʘʥʘʪʦʧ-

ʣʠʥʘ, ʩʝʨʝʘʣʠʟʠʨʘʚʦʫʩʣʦʚʠ

ʢʦʛʘʥʝʤʘʧʨʦʤʝʥʠʥʘʧʘʨʘʤʝʪ-

ʨʠʪʝʩʦʪʝʢʥʘʚʨʝʤʝʪʦ,ʚʦʙʠʣʦ

ʢʦʿʘʪʦʯʢʘʦʜʧʨʦʩʪʦʨʦʪ,ʢʘʜʝ

ʩʪʨʫʠʬʣʫʠʜʦʪ.

Â ʅʝʩʪʘʮʠʦʥʘʨʥʘʨʘʟʤʝʥʘʥʘʪʦʧ-

ʣʠʥʘ, ʩʝʨʝʘʣʠʟʠʨʘʚʦʫʩʣʦʚʠ

ʢʦʛʘʚʨʝʜʥʦʩʪʠʪʝʥʘʧʦʦʜʜʝʣ-

ʥʠʪʝʧʘʨʘʤʝʪʨʠʩʝʤʝʥʫʚʘʘʪʚʦ

ʟʘʚʠʩʥʦʩʪʦʜʚʨʝʤʝʪʦ.
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ȚȹȭȰɖȰȯȳȷȰȸȲȳȹȸȫȶȰȸ ȺȻȰȸȹȼ ȸȫ ȽȹȺȶȳȸȫ

Â ʇʨʦʙʣʝʤʘʪʠʢʘʪʘ ʥʘ ʨʘʟʤʝʥʘ ʥʘ ʪʦʧʣʠʥʘ, ʩʝ ʨʘʟʛʣʝʜʫʚʘ ʩʦ :

Â ʝʜʥo-ʜʠʤʝʥʟʠʦʥʘʣʝʥ ʧʨʠʩʪʘʧ,

Â ʜʚoʜʠʤʝʥʟʠʦʥʘʣʝʥ ʧʨʠʩʪʘʧ,

Â ʪʨo-ʜʠʤʝʥʟʠʦʥʘʣeʥ ʧʨʠʩʪʘʧ.

Ç ɺʦ ʥʘʿʦʧʰʪ ʩʣʫʯʘʿ, ʨʘʟʤʝʥʘʪʘ ʥʘ ʪʦʧʣʠʥʘ ʧʨʝʢʫ ʧʨʝʥʦʩ ʥʘ ʪʦʧʣʠʥʘ ʩʦ ʬʣʫʠʜʠ ʝ 

ʪʨʦ-ʜʠʤʝʥʟʠʦʥʘʣʥʘ. 

Ç ʉʝʧʘʢ, ʥʝʢʦʠ ʧʨʦʙʣʝʤʠ ʤʦʞʝ ʜʘ ʩʝ ʫʧʨʦʩʪʘʪ ʠ ʜʘ ʩʝ ʨʘʟʛʣʝʜʫʚʘʘʪ ʢʘʢʦ ʜʚʦ, 

ʠʣʠ ʝʜʥʦ-ʜʠʤʝʥʟʠʦʥʘʣʥʠ, ʚʦ ʟʘʚʠʩʥʦʩʪ ʦʜ ʨʝʣʘʪʠʚʥʠʪʝ ʛʦʣʝʤʠʥʠ ʥʘ ʧʨʝʥʦʩʦʪ 

ʥʘ ʪʦʧʣʠʥʘ ʚʦ ʨʘʟʣʠʯʥʠ ʥʘʩʦʢʠ, ʢʘʢʦ ʠ ʟʘ ʥʠʚʦʪʦ ʥʘ ʩʘʢʘʥʘʪʘ ʪʦʯʥʦʩʪ.
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Â ɺʨʝʜʥʦʩʪʘʥʘʪʦʧʣʠʥʩʢʘʪʘʩʧʨʦʚʦʜʣʠʚʦʩʪʧʨʝʢʫ

ʤʝʜʠʫʤʦʪʚʦʦʜʨʝʜʝʥʧʨʘʚʝʮ(ʧʨ. ʚʦʭ-ʥʘʩʦʢʘ)ʩʝ

ʠʟʨʘʟʫʚʘʩʦʟʘʢʦʥʦʪʥʘʌʫʨʠʝʟʘʩʧʨʦʚʦʜʫʚʘˁʝʥʘ

ʪʦʧʣʠʥʘʪʘ.

Â ɿʘʝʜʥʦ-ʜʠʤʝʥʟʠʦʥʘʣʥʦʩʧʨʦʚʝʜʫʚʘˁʝʥʘʪʦʧʣʠʥʘ,

ʩʝʠʟʨʘʟʫʚʘ,ʢʘʢʦ:

      (W)cond

dT
Q kA

dx
=-#

ȚȹȭȰɖȰȯȳȷȰȸȲȳȹȸȫȶȰȸ ȺȻȰȸȹȼ ȸȫ ȽȹȺȶȳȸȫ

Â ʊʦʧʣʠʥʘʪʘ ʩʝ ʩʧʨʦʚʝʜʫʚʘ ʚʦ ʥʘʩʦʢʘ 

ʥʘ ʥʘʤʘʣʫʚʘˁʝ ʥʘ ʪʝʤʧʝʨʘʪʫʨʘʪʘ ʠ 

ʟʘʨʘʜʠ ʪʦʘ ʝ ʟʥʘʢʦʪ ʤʠʥʫʩ.
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Ȓȫȵȹȸ ȸȫ ȟȾȻȳȰ Ȳȫ ȼȺȻȹȭȰȯȾȭȫɔȰ ȸȫ ȽȹȺȶȳȸȫ

Â ɺʝʢʪʦʨʦʪʥʘʪʦʧʣʠʥʩʢʠʦʪʬʣʫʢʩʦʜ

ʪʦʯʢʘʈ ʥʘʧʦʚʨʰʠʥʘʪʘ,ʚʦʧʨʘʚʝʮ

ʥʦʨʤʘʣʝʥʥʘʧʦʚʨʰʠʥʘʪʘ,ʩʦʥʘʩʦʢʘʚʦ

ʧʨʘʚʝʮʥʘ ʥʘʤʘʣʫʚʘˁʝʥʘ

ʪʝʤʧʝʨʘʪʫʨʘʪʘ

Â ɸʢʦn ʝ ʥʦʨʤʘʣʥʘʥʘʠʟʦʪʝʨʤʥʘʪʘ

ʧʦʚʨʰʠʥʘʚʦʪʦʯʢʘʪʘP, ʚʨʝʜʥʦʩʪʘʥʘ

ʥʘʩʧʨʦʚʝʜʫʚʘˁʝʪʦʥʘʪʦʧʣʠʥʘʚʦʪʘʘ

ʪʦʯʢʘʤʦʞʝʜʘʩʝʠʟʨʘʟʠʩʦʟʘʢʦʥʦʪʥʘ

ʌʫʨʠʝʢʘʢʦ:

      (W)n

dT
Q kA

dn
=-#
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Â ɺʦʧʨʘʚʦʘʛʦʣʥʠʢʦʦʨʜʠʥʘʪʠ,ʚʝʢʪʦʨʦʪʥʘ

ʩʧʨʦʚʝʜʫʚʘˁʝʪʦʥʘʪʦʧʣʠʥʘ,ʤʦʞʝʜʘʩʝ

ʨʘʟʣʦʞʠʥʘʥʝʛʦʚʠʪʝʢʦʤʧʦʥʝʥʪʠʢʘʢʦ:

Â ʉʦ ʟʘʤʝʥʠ, ʦʜ ʟʘʢʦʥʦʪ ʥʘ ʌʫʨʠʝ, ʩʝ ʜʦʙʠʚʘ :

n x y zQ Q i Q j Q k= + +
C CC C
# # # #

     x x

y y

z z

T
Q kA

x

T
Q kA

y

T
Q kA

z

ë µ
=-î

µ
î

µî
=-ì

µî
î µ
=-î

µí

#

#

#

Ȓȫȵȹȸ ȸȫ ȟȾȻȳȰ Ȳȫ ȼȺȻȹȭȰȯȾȭȫɔȰ ȸȫ ȽȹȺȶȳȸȫ

43



ȎȰȸȰȻȳȻȫɔȰ ȸȫ ȽȹȺȶȳȸȫ

Â ʂʘʢʦ ʧʨʠʤʝʨʠ ʟʘ ʛʝʥʝʨʠʨʘˁʝ ʥʘ ʪʦʧʣʠʥʘ, ʤʦʞʘʪ ʜʘ ʩʝ ʧʦʩʦʯʘʪ :

ī ʝʣʝʢʪʨʠʯʥʘ ʝʥʝʨʛʠʿʘ, ʢʦʿʘ ʩʝ ʧʨʝʪʚʦʨʘ ʚʦ ʪʦʧʣʠʥʘ ʩʦ 

ʚʨʝʜʥʦʩʪ ʦʜ I2R,

ī ʛʦʨʠʚʥʠ ʝʣʝʤʝʥʪʠ ʢʘʿ ʥʫʢʣʝʘʨʥʠʪʝ ʨʝʘʢʪʦʨʠ,

ī ʝʛʟʦʪʝʨʤʥʠ ʭʝʤʠʩʢʠ ʨʝʘʢʮʠʠ, ʠ.ʪ.ʥ.

Â ʊʦʧʣʠʥʩʢʘʪʘ ʝʥʝʨʛʠʿʘ ʝ ʚʦʣʫʤʝʪʨʠʩʢʠ ʬʝʥʦʤʝʥ. 

ɽʜʠʥʠʮʘ ʤʝʨʢʘ W/m3

Â ɺʨʝʜʥʦʩʪʘ ʥʘ ʛʝʥʝʨʠʨʘʥʘ ʪʦʧʣʠʥʩʢʘ ʝʥʝʨʛʠʿʘ ʚʦ ʤʝʜʠʫʤ, ʤʦʞʝ ʜʘ 

ʚʘʨʠʨʘ ʩʦ ʪʝʢʦʪ ʥʘ ʚʨʝʤʝʪʦ, ʢʘʢʦ ʠ ʧʦʟʠʮʠʿʘʪʘ ʚʦ ʤʝʜʠʫʤʦʪ.

Â ɺʢʫʧʥʘʪʘ ʚʨʝʜʥʦʩʪ ʥʘ ʛʝʥʝʨʠʨʘʥʘʪʘ ʪʦʧʣʠʥʩʢʘ ʝʥʝʨʛʠʿʘ ʚʦ 

ʤʝʜʠʫʤ ʩʦ ʚʦʣʫʤʝʥ V, ʤʦʞʝ ʜʘ ʩʝ ʠʟʨʘʟʠ, ʢʘʢʦ :

     (W)gen gen

V

E e dV=ñ# #
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țȫȭȰȸȵȫ Ȳȫ ȰȯȸȹȯȳȷȰȸȲȳȹȸȫȶȰȸ ȺȻȰȸȹȼ ȸȫ 

ȽȹȺȶȳȸȫ ȵȫɒ ȻȫȷȰȸ ɏȳȯ

xQ#

ɺʨʝʜʥʦʩʪ ʥʘ 

ʩʧʨʦʚʝʜʫʚʘˁʝ  

ʥʘ ʪʦʧʣʠʥʘ ʟʘx

ɺʨʝʜʥʦʩʪ ʥʘ 

ʩʧʨʦʚʝʜʫʚʘˁʝ     

ʥʘ ʪʦʧʣʠʥʘ ʟʘx+Dx

ɺʨʝʜʥʦʩʪ ʥʘ 

ʛʝʥʝʨʠʨʘˁʝ ʥʘ 

ʪʦʧʣʠʥʘ ʚʦ ʝʣʝʤʝʥʪʦʪ

ɺʨʝʜʥʦʩʪ ʥʘ ʧʨʦʤʝʥʘ ʥʘ 

ʝʥʝʨʛʠʿʘʪʘ ʚʦ ʛʨʘʥʠʮʠ ʥʘ  

ʝʣʝʤʝʥʪʦʪ- + =

,gen elementE+#
x xQ +D-# elementE

t

D
=
D
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Â ʇʨʦʤʝʥʠʪʝ ʚʦ ʩʦʜʨʞʠʥʘʪʘ ʥʘ ʝʥʝʨʛʠʿʘ ʠ ʚʦ ʚʨʝʜʥʦʩʪʠʪʝ ʥʘ 

ʛʝʥʝʨʠʨʘˁʝʪʦ ʥʘ ʪʦʧʣʠʥʘ, ʩʝ ʠʟʨʘʟʫʚʘ ʢʘʢʦ :

Â ʉʦ ʟʘʤʝʥʘ ʩʝ ʜʦʙʠʚʘ

( ) ( )

,

element t t t t t t t t t

gen element gen element gen

E E E mc T T cA x T T

E e V e A x

r+D +D +D
ëD = - = - = D -î
ì

= = Dîí
# # #

,
element

x x x gen element

E
Q Q E

t
+D

D
- + =

D
# # #

x x xQ Q+D-# #
gene A x+ D# t t tT T

cA x
t

r +D-= D
D

1
gen

T T
kA e c

A x x t
r

µ µ µå õ
+ =æ ö

µ µ µç ÷
#

Åʉʝ ʜʝʣʠ ʩʦ ADx, ʩʦ ʟʝʤʘˁʝ ʥʘ DxĄ 0 ʠ DtĄ 0. ʉʧʨʝʤʘ ɿʘʢʦʥ ʥʘ Fourier: 
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ʇʦʚʨʰʠʥʘʪʘ Aʝ ʢʦʥʩʪʘʥʪʥʘ ʢʘʿ ʨʘʤʥʘ ʧʣʦʯʘĄʝʜʥʦ ʜʠʤʝʥʟʠʦʥʘʣʝʥ 

ʥʝʩʪʘʮʠʦʥʘʨʝʥ ʧʨʝʥʦʩ ʥʘ ʪʦʧʣʠʥʘ

gen

T T
k e c

x x t
r

µ µ µå õ
+ =æ ö

µ µ µç ÷
#ʇʨʦʤʝʥʣʠʚʘ ʩʧʨʦʚʦʜʣʠʚʦʩʪ:

ʂʦʥʩʪʘʥʪʥʘ ʩʧʨʦʚʦʜʣʠʚʦʩʪ:

2

2

1
   ;   

geneT T k

x k t c
a

a r

µ µ
+ = =

µ µ

#

1) ʉʪʘʮʠʦʥʘʨʥʘ ʩʦʩʪʦʿʙʘ

2) ʅʝʩʪʘʮʠʦʥʘʨʥʘ, ʙʝʟ ʛʝʥʝʨʠʨʘˁʝ ʥʘ 

ʪʦʧʣʠʥʘ

3) ʉʪʘʮʠʦʥʘʨʥʘ, ʙʝʟ ʛʝʥʝʨʠʨʘˁʝ ʥʘ ʪʦʧʣʠʥʘ

2

2
0

gened T

dx k
+ =
#

2

2

1T T

x ta

µ µ
=

µ µ

2

2
0

d T

dx
=

ɿʘ ʧʦʩʝʙʥʠ ʫʩʣʦʚʠ, ʜʠʬʝʨʝʥʮʠʿʘʣʥʘʪʘ ʨʘʚʝʥʢʘ  ʟʘ ʝʜʥʦʜʠʤʝʥʟʠʦʥʘʣʝʥ 

ʧʨʝʥʦʩ ʥʘ ʪʦʧʣʠʥʘ ʤʦʞʝ ʜʘ ʩʝ ʨʝʜʫʮʠʨʘ, ʩʧʨʝʤʘ :
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țȫȭȰȸȵȫ Ȳȫ Ȱȯȸȹ-ȯȳȷȰȸȲȳȹȸȫȶȸȹ ȼȺȻȹȭȰȯȾȭȫɔȰ ȸȫ ȽȹȺȶȳȸȫ 

-ȏȹȶȮ ɁȳȶȳȸȯȰȻ -

rQ#

ɺʨʝʜʥʦʩʪ ʥʘ 

ʩʧʨʦʚʝʜʫʚʘˁʝ 

ʥʘ ʪʦʧʣʠʥʘ ʟʘ r

ɺʨʝʜʥʦʩʪ ʥʘ 

ʩʧʨʦʚʝʜʫʚʘˁʝ ʥʘ 

ʪʦʧʣʠʥʘ ʟʘr+Dr

ɺʨʝʜʥʦʩʪ ʥʘ 

ʛʝʥʝʨʠʨʘʥʘ ʪʦʧʣʠʥʘ 

ʚʥʘʪʨʝ ʚʦ ʝʣʝʤʝʥʪʦʪ

ɺʨʝʜʥʦʩʪ ʥʘ ʧʨʦʤʝʥʘ ʥʘ 

ʝʥʝʨʛʠʿʘʪʘ ʩʦʜʨʞʘʥʘ ʚʦ 

ʝʣʝʤʝʥʪʦʪ
- + =

,gen elementE+# elementE

t

D
=
Dr rQ +D-#
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Å ʇʨʦʤʝʥʘʪʘ ʥʘ ʩʦʜʨʞʘʥʘʪʘ ʝʥʝʨʛʠʿʘʪʘ ʠ ʥʘ ʚʨʝʜʥʦʩʪʘ ʥʘ 

ʛʝʥʝʨʠʨʘʥʘʪʘ ʝʥʝʨʛʠʿʘ, ʩʝ ʠʟʨʘʟʫʚʘ ʢʘʢʦ :

Å ʉʦ ʟʘʤʝʥʘ ʩʝ ʜʦʙʠʚʘ

( ) ( )

,

element t t t t t t t t t

gen element gen element gen

E E E mc T T cA r T T

E e V e A r

r+D +D +D
ëD = - = - = D -î
ì

= = Dîí
# # #

,
element

r r r gen element

E
Q Q E

t
+D

D
- + =

D
# # #

r r rQ Q+D-# #
gene A r+ D# t t tT T

cA r
t

r +D-= D
D

1
gen

T T
kA e c

A r r t
r

µ µ µå õ
+ =æ ö

µ µ µç ÷
#

Åʉʝ ʜʝʣʠ ʩʦADr, ʟʘ ʛʨʘʥʠʮʠ ʦʜ DrĄ 0 ʠDtĄ 0, ʩʧʨʝʤʘ ʟʘʢʦʥʦʪ ʥʘ Fourier:
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ɼʠʬʝʨʝʥʮʠʿʘʣʥʘʪʘ ʨʘʚʝʥʢʘ ʟʘ ʥʝʩʪʘʮʠʦʥʘʨʥʦ ʩʧʨʦʚʝʜʫʚʘˁʝ ʥʘ ʪʦʧʣʠʥʘ 

ʟʘ ʮʠʣʠʥʜʝʨ ʩʦ ʨʘʜʠʫʩ r ( ʧʦʚʨʰʠʥʘ A=2prL ) ʩʝ ʠʟʨʘʟʫʚʘ, ʢʘʢʦ :

1
gen

T T
rk e c

r r r t
r

µ µ µå õ
+ =æ ö

µ µ µç ÷
#

1
0

gened dT
r

r dr dr k

å õ
+ =æ ö

ç ÷

#

ɿʘ ʧʦʩʝʙʥʠ ʫʩʣʦʚʠ, ʜʠʬʝʨʝʥʮʠʿʘʣʥʘʪʘ ʨʘʚʝʥʢʘ  ʟʘ ʝʜʥʦ ʜʠʤʝʥʟʠʦʥʘʣʝʥ 

ʧʨʝʥʦʩ ʥʘ ʪʦʧʣʠʥʘ ʤʦʞʝ ʜʘ ʩʝ ʨʝʜʫʮʠʨʘ, ʩʧʨʝʤʘ :

1 1geneT T
r

r r r k ta

µ µ µå õ
+ =æ ö

µ µ µç ÷

#

1 1T T
r

r r r ta

µ µ µå õ
=æ ö

µ µ µç ÷

0
d dT

r
dr dr

å õ
=æ ö

ç ÷

ʇʨʦʤʝʥʣʠʚʘ ʩʧʨʦʚʦʜʣʠʚʦʩʪ :

ʂʦʥʩʪʘʥʪʥʘ ʩʧʨʦʚʦʜʣʠʚʦʩʪ:

1) ʉʪʘʮʠʦʥʘʨʥʘ ʩʦʩʪʦʿʙʘ

2) ʅʝʩʪʘʮʠʦʥʘʨʥʘ, ʙʝʟ ʛʝʥʝʨʠʨʘˁʝ ʥʘ 

ʪʦʧʣʠʥʘ:

3) ʉʪʘʮʠʦʥʘʨʥʘ, ʙʝʟ ʛʝʥʝʨʠʨʘˁʝ ʥʘ ʪʦʧʣʠʥʘ:
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ȐȯȸȹȯȳȷȰȸȲȳȹȸȫȶȸȹ ȼȺȻȹȭȰȯȾȭȫɔȰ ȸȫ ȽȹȺȶȳȸȫ -

țȫȭȰȸȵȳ Ȳȫ ȼȿȰȻȫ -

2

2

1
gen

T T
r k e c

r r r t
r

µ µ µå õ
+ =æ ö

µ µ µç ÷
#

2

2

1 1geneT T
r

r r r k ta

µ µ µå õ
+ =æ ö

µ µ µç ÷

#

ʇʨʦʤʝʥʣʠʚʘ

ʩʧʨʦʚʦʜʣʠʚʦʩʪ

ʂʦʥʩʪʘʥʪʥʘ 

ʩʧʨʦʚʦʜʣʠʚʦʩʪ
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șȺɃȽȫ ȻȫȭȰȸȵȫ Ȳȫ ȼȺȻȹȭȰȯȾȭȫɔȰ ȸȫ ȽȹȺȶȳȸȫ

x y zQ Q Q+ +# # #

ʀʟʥʦʩ ʟʘ 

ʩʧʨʦʚʝʜʫʚʘˁʝ ʥʘ 

ʪʦʧʣʠʥʘ ʟʘ x, y, and z

ʀʟʥʦʩ ʟʘ 

ʩʧʨʦʚʝʜʫʚʘˁʝ ʥʘ 

ʪʦʧʣʠʥʘ ʟʘ x+Dx, 

y+Dy, z+Dz

ʀʟʥʦʩ ʟʘ ʛʝʥʝʨʠʨʘˁʝ 

ʥʘ ʪʦʧʣʠʥʘ ʚʦ 

ʛʨʘʥʠʮʠ ʥʘ ʝʣʝʤʝʥʪʦʪ

ʀʟʥʦʩ ʥʘ ʧʨʦʤʝʥʘ ʥʘ 

ʝʥʝʨʛʠʿʘʪʘ ʚʦ ʛʨʘʥʠʮʠ 

ʥʘ ʝʣʝʤʝʥʪʦʪ
- + =

x x y y z zQ Q Q+D +D +D- - -# # #
,gen elementE+ elementE

t

D
=
D
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ʉʦʧʦʚʪʦʨʫʚʘˁʝʥʘʤʘʪʝʤʘʪʠʯʢʠʦʪ

ʧʨʠʩʪʘʧʟʘʝʜʥʦ-ʜʠʤʝʥʟʠʦʥʘʣʥʦ

ʩʧʨʦʚʝʜʫʚʘˁʝʥʘʪʦʧʣʠʥʘ,ʟʘʩʠʪʝ

ʦʩʢʠʩʝʜʦʙʠʚʘʨʘʚʝʥʢʘʪʘʟʘ

ʩʧʨʦʚʝʜʫʚʘˁʝʥʘʪʦʧʣʠʥʘʚʦʧʦʣʥ

ʦʙʣʠʢ,ʩʧʨʝʤʘ:

2 2 2

2 2 2

1geneT T T T

x y z k ta

µ µ µ µ
+ + + =

µ µ µ µ

#

2 2 2

2 2 2
0

geneT T T

x y z k

µ µ µ
+ + + =

µ µ µ

#

2 2 2

2 2 2

1T T T T

x y z ta

µ µ µ µ
+ + =

µ µ µ µ

2 2 2

2 2 2
0

T T T

x y z

µ µ µ
+ + =

µ µ µ

ɼʚʦ-ʜʠʤʝʥʟʠʦʥʘʣʥʦ 

ʩʧʨʦʚʝʜʫʚʘˁʝ

ʊʨʦ-ʜʠʤʝʥʟʠʦʥʘʣʥʦ 

ʩʧʨʦʚʝʜʫʚʘˁʝ

1) ʉʪʘʮʠʦʥʘʨʥʦ 

ʩʧʨʦʚʝʜʫʚʘˁʝ

2) ʅʝʩʪʘʮʠʦʥʘʨʥʦ 

ʩʧʨʦʚʝʜʫʚʘˁʝ

3) ʉʪʘʮʠʦʥʘʨʥʦ  

ʩʧʨʦʚʝʜʫʚʘˁʝ, ʙʝʟ 

ʛʝʥʝʨʠʨʘˁʝ            

ʥʘ ʪʦʧʣʠʥʘ

ʂʦʥʩʪʘʥʪʥʘ ʩʧʨʦʚʦʜʣʠʚʦʩʪ:

ʋʧʨʦʩʪʫʚʘˁʘ :
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2

1 1
gen

T T T T T
rk k k e c

r r r r z z t
r

f f

å õµ µ µ µ µ µ µå õ å õ
+ + + =æ öæ ö æ ö

µ µ µ µ µ µ µç ÷ ç ÷ç ÷
#

ȡȳȶȳȸȯȻȳɂȸȳ ȵȹȹȻȯȳȸȫȽȳ
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2

2 2 2 2

1 1 1
sin

sin sin
gen

T T T T
kr k k e c

r r r r r t
q r

q f f q q q

å õµ µ µ µ µ µ µå õ å õ
+ + + =æ öæ ö æ ö

µ µ µ µ µ µ µç ÷ ç ÷ç ÷
#

ȜȿȰȻȸȳ ȵȹȹȻȯȳȸȫȽȳ
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ȚȹɂȰȽȸȳ ȳ ȮȻȫȸȳɂȸȳ Ⱦȼȶȹȭȳ

Â ʉʝ ʥʘʚʝʜʫʚʘʘʪ ʪʝʤʧʝʨʘʪʫʨʠʪʝ ʥʘ ʛʨʘʥʠʯʥʠʪʝ ʧʦʚʨʰʠʥʠ,

Â ʉʝ ʥʘʚʝʜʫʚʘ ʪʦʧʣʠʥʩʢʠʦʪ ʬʣʫʢʩ ʥʘ ʛʨʘʥʠʯʥʠʪʝ ʧʦʚʨʰʠʥʠ,

Â ʉʝ ʜʝʬʠʥʠʨʘʘʪ ʫʩʣʦʚʠʪʝ ʟʘ ʢʦʥʚʝʢʮʠʿʘ ʥʘ ʛʨʘʥʠʯʥʠʪʝ ʧʦʚʨʰʠʥʠ

Â ʉʝ ʜʝʬʠʥʠʨʘ ʟʨʘʯʝˁʝʪʦ ʥʘ ʛʨʘʥʠʯʥʠʪʝ ʧʦʚʨʰʠʥʠ 

Â ʉʝ ʜʝʬʠʥʠʨʘʘʪ ʫʩʣʦʚʠʪʝ ʥʘ ʢʦʥʪʘʢʪ ʟʘ ʤʝʺʫ-ʩʣʦʝʚʠ

Â ɻʝʥʝʨʘʣʠʟʠʨʘʥʠ ʛʨʘʥʠʯʥʠ ʫʩʣʦʚʠ
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ȏȰȿȳȸȳȻȫɔȰ ȸȫ ȮȻȫȸȳɂȸȳ Ⱦȼȶȹȭȳ

ɿʘʝʜʥʦ-ʜʠʤʝʥʟʠʦʥʘʣʥʦʩʧʨʦʚʝʜʫʚʘˁʝ

ʥʘʪʦʧʣʠʥʘʥʠʟʨʘʤʝʥʼʠʜʩʦʜʝʙʝʣʠʥʘ

L, ʥʘʧʨʠʤʝʨ,ʥʘʚʝʜʝʥʠʪʝʪʝʤʧʝʨʘʪʫʨʠ

ʥʘʛʨʘʥʠʮʠʪʝ,ʢʘʢʦʛʨʘʥʠʯʥʠʫʩʣʦʚʠ,

ʤʦʞʝʜʘʩʝʠʟʨʘʟʘʪʢʘʢʦ:

T(0, t) = T1

T(L, t) = T2

ʇʦʦʜʜʝʣʥʠʪʝʤʧʝʨʘʪʫʨʠʤʦʞʝʜʘʙʠʜʘʪʢʦʥʩʪʘʥʪʥʠ,ʢʘʢʦhʪʦʝ

ʩʣʫʯʘʿʟʘʢʦʥʩʪʘʥʪʥʘʪʦʧʣʠʥʩʢʘʩʧʨʦʚʦʜʣʠʚʦʩʪ,ʠʣʠʤʦʞʝʜʘʩʝ

ʨʘʟʣʠʢʫʚʘʘʪʩʦʪʝʢʦʪʥʘʚʨʝʤʝʪʦ.
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ȏȰȿȳȸȳȻȫɔȰ ȸȫ ȮȻȫȸȳɂȰȸ ȽȹȺȶȳȸȼȵȳ ȿȶȾȵȼ

dT
q k

dx
=- =#

ʊʦʧʣʠʥʩʢʠ ʬʣʫʢʩ 

ʚʦ ʧʦʟʠʪʠʚʥʘ          

x-ʥʘʩʦʢʘ

ɿʥʘʢʦʪ ʥʘ ʪʦʧʣʠʥʩʢʠʦʪ ʬʣʫʢʩ, ʩʝ ʦʜʨʝʜʫʚʘ ʢʘʢʦ:

Å ʇʦʟʠʪʠʚʝʥ, ʘʢʦ ʪʦʧʣʠʥʩʢʠʦʪ ʬʣʫʢʩ ʝ ʚʦ 

ʧʦʟʠʪʠʚʥʘ ʥʘʩʦʢʘ ʥʘ ʦʩʢʘʪʘ ʦʜ ʢʦʦʨʜʠʥʘʪʘʪʘ, 

Å ʅʝʛʘʪʠʚʝʥ, ʘʢʦ ʪʦʘ ʝ ʚʦ ʩʧʨʦʪʠʚʥʘʪʘ ʥʘʩʦʢʘ.

ʊʦʧʣʠʥʩʢʠʦʪʬʣʫʢʩʚʦʧʦʟʠʪʠʚʥʠʦʪʜʝʣ

ʦʜx-ʥʘʩʦʢʘʪʘ,ʥʘʩʝʢʘʜʝʚʦʤʝʜʠʫʤʦʪ,

ʚʢʣʫʯʫʚʘʿ˃ʠʛʠʠʛʨʘʥʠʮʠʪʝ,ʤʦʞʝʜʘʩʝ

ʠʟʨʘʟʠʩʦʟʘʢʦʥʦʪʥʘʌʫʨʠʝʟʘʪʦʧ-

ʣʠʥʩʢʘʩʧʨʦʚʦʜʣʠʚʦʩʪ,ʢʘʢʦ
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ȏȭȫ ȼȺȰɁȳɒȫȶȸȳ ȼȶȾɂȫȳ

ʀʟʦʣʠʨʘʥʘ ʛʨʘʥʠʯʥʘ ʧʦʚʨʰʠʥʘʊʝʨʤʠʯʢʘ ʩʠʤʝʪʨʠʿʘ

(0, ) (0, )
0     or     0 

T t T t
k

x x

µ µ
= =

µ µ
( ),

2
0

LT t

x

µ
=

µ
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ȎȻȫȸȳɂȸȳ Ⱦȼȶȹȭȳ ȼȹ ȵȹȸȭȰȵɁȳɒȫ

[ ]1 1

(0, )
(0, )

T t
k h T T t

x
¤

µ
- = -

µ

[ ]2 2

( , )
( , )

T L t
k h T L t T

x
¤

µ
- = -

µ

ʉʧʨʦʚʝʜʫʚʘˁʝ ʥʘ 

ʪʦʧʣʠʥʘ ʦʜ 

ʧʦʚʨʰʠʥʘ ʩʦ 

ʠʟʙʨʘʥ ʧʨʘʚʝʮ

ʂʦʥʚʝʢʮʠʿʘ ʥʘ 

ʪʦʧʣʠʥʘ ʦʜ 

ʧʦʚʨʰʠʥʘ ʟʘ ʠʩʪ 

ʧʨʘʚʝʮ
=

ʠ
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ȎȻȫȸȳɂȸȳ Ⱦȼȶȹȭȳ ȼȹ ȲȻȫɂȰɔȰ

ʉʧʨʦʚʝʜʫʚʘˁʝ ʥʘ 

ʪʦʧʣʠʥʘ ʦʜ 

ʧʦʚʨʰʠʥʘ ʩʦ 

ʜʝʬʠʥʠʨʘʥ ʧʨʘʚʝʮ

ʇʨʦʤʝʥʘ ʥʘ 

ʟʨʘʯʝˁʝʪʦ ʟʘ 

ʧʦʚʨʰʠʥʘ ʩʦ ʠʩʪʠ 

ʧʨʘʚʝʮ

=

4 4

1 ,1

(0, )
(0, )surr

T t
k T T t

x
es

µ
è ø- = -ê úµ

4 4

2 ,2

( , )
( , ) surr

T L t
k T L t T

x
e s

µ
è ø- = -ê úµ

ʠ
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ȎȻȫȸȳɂȸȳ Ⱦȼȶȹȭȳ ȵȫɒ ȻȫȲȯȰȶȸȳ ȺȹȭȻɃȳȸȳ

0 0( , ) ( , )A B
A B

T x t T x t
k k

x x

µ µ
- =-

µ µ

ɿʘʨʘʟʜʝʣʥʘʧʦʚʨʰʠʥʘʩʝʧʦʩʪʘʚʫʚʘʘʪʫʩʣʦʚʠ,

ʢʘʢʦ:

Åɼʚʝʪʝʣʘʚʦʢʦʥʪʘʢʪʤʦʨʘʜʘʠʤʘʘʪʠʩʪʘ

ʪʝʤʧʝʨʘʪʫʨʘʥʘʧʦʚʨʰʠʥʘʪʘʦʜʢʦʥʪʘʢʪʦʪ,

Åʅʘʨʘʟʜʝʣʥʘʧʦʚʨʰʠʥʘ,ʥʝʤʦʞʝʜʘʠʤʘ

ʘʢʫʤʫʣʘʮʠʿʘʥʘʝʥʝʨʛʠʿʘ, ʪ.ʝ. ʪʦʧʣʠʥʩʢʠʦʪ

ʬʣʫʢʩʥʘʜʚʝʪʝʩʪʨʘʥʠʥʘʨʘʟʜʝʣʥʘʪʘ

ʧʦʚʨʰʠʥʘʤʦʨʘʜʘʙʠʜʘʪʠʩʪʠ.

TA(x0, t) = TB(x0, t)

ʠ
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ȎȰȸȰȻȫȶȳȲȳȻȫȸȳ ȮȻȫȸȳɂȸȳ Ⱦȼȶȹȭȳ

ɺʦ ʧʨʠʥʮʠʧ ʥʘ ʧʦʚʨʰʠʥʘ ʤʦʞʝ ʝʜʥʦʚʨʝʤʝʥʦ ʜʘ ʩʝ ʩʣʫʯʫʚʘ ʢʦʥʚʝʢʮʠʿʘ, 

ʟʨʘʯʝˁʝ ʠ ʜʘ ʜʝʣʫʚʘ ʦʜʨʝʜʝʥ ʪʦʧʣʠʥʩʢʠ ʬʣʫʢʩ.

ɻʨʘʥʠʯʥʠʪʝ ʫʩʣʦʚʠ ʚʦ ʪʘʢʚʠ ʩʣʫʯʘʠ, ʩʝ ʜʝʬʠʥʠʨʘʘʪ ʦʜ ʝʥʝʨʛʝʪʩʢʠʦʪ ʙʠʣʘʥʩ 

ʥʘ ʧʦʚʨʰʠʥʘʪʘ, ʠʟʨʘʟʝʥʠ ʢʘʢʦ :

ʇʨʝʥʦʩ ʥʘ ʪʦʧʣʠʥʘ 

ʥʘʧʦʚʨʰʠʥʘ ʚʦ  

ʩʠʪʝ ʩʣʫʯʘʠ

ʇʨʝʥʦʩ ʥʘ ʪʦʧʣʠʥʘ 

ʦʜʧʦʚʨʰʠʥʘ ʚʦ 

ʩʠʪʝ ʩʣʫʯʘʠ=

ȎȰȸȰȻȳȻȫɔȰ ȸȫ ȽȹȺȶȳȸȫ ȭȹ ɁȭȻȼȽȳ ȷȫȽȰȻȳɒȫȶȳ

ʆʜʛʦʣʝʤʠʥʪʝʨʝʩʩʝʤʝʜʠʫʤʠʩʦʛʝʥʝʨʠʨʘˁʝʥʘʪʦʧʣʠʥʩʢʘʝʥʝʨʛʠʿʘ. ʇʨʠ

ʪʦʘʠʥʪʝʨʝʩʦʪʝʟʘʚʨʝʜʥʦʩʪʠʪʝʥʘʧʦʚʨʰʠʥʩʢʘʪʝʤʧʝʨʘʪʫʨʘTs ʠʤʘʢʩʠ-

ʤʘʣʥʘʪʘʪʝʤʧʝʨʘʪʫʨʘTmax ʰʪʦʩʝʿ ʘʚʫʚʘʚʦʤʝʜʠʫʤʦʪʧʨʠʩʪʘʮʠʦʥʘʨʥʘ

ʨʘʙʦʪʘ.
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ʀʟʥʦʩ ʥʘ ʧʨʝʥʦʩʦʪ ʥʘ ʪʦʧʣʠʥʘ ʦʜ ʩʪʨʫʝˁʝ ʥʘ ʚʦʟʜʫʭ, ʤʦʞʝ ʜʘ ʩʝ ʠʟʨʘʟʠ ʦʜ 

ɳʫʪʥʦʚʠʦʪ ʟʘʢʦʥ, ʢʘʢʦ :

( )     (W)s sQ hA T T¤= -#

gen

s

s

e V
T T

hA
¤= +
#

ʀʟʥʦʩ ʥʘ ʨʘʟʤʝʥʘ 

ʥʘ ʪʦʧʣʠʥʘ ʚʦ 

ʮʚʨʩʪʘ ʤʘʪʝʨʠʿʘ

ʀʟʥʦʩ ʥʘ 

ʛʝʥʝʨʠʨʘˁʝʪʦ ʥʘ 

ʝʥʝʨʛʠʿʘ ʚʦ ʮʚʨʩʪ 

ʤʘʪʝʨʠʿʘʣ
=

ɿʘ ʫʥʠʬʦʨʤʥʦ ʛʝʥʝʨʠʨʘˁʝ ʥʘ ʪʦʧʣʠʥʩʢʘ ʝʥʝʨʛʠʿʘ ʚʦ ʤʝʜʠʫʤʦʪ

     (W)genQ e V=# #

=

ȎȰȸȰȻȳȻȫɔȰ ȸȫ ȽȹȺȶȳȸȫ ȭȹ ȽȭȻȯȫ ȺȻȰȮȻȫȯȫ 

-ȚȹȭȻɃȳȸȼȵȫ ȽȰȷȺȰȻȫȽȾȻȫ
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ȎȰȸȰȻȳȻȫɔȰ ȸȫ ȽȹȺȶȳȸȫ ȭȹ ɁȭȻȼȽ ȷȫȽȰȻȳɒȫȶ

ȚȹȭȻɃȳȸȼȵȫ ȽȰȷȺȰȻȫȽȾȻȫ

ɿʘʛʦʣʝʤ ʨʘʤʝʥ ʼʠʜʩʦ ʜʝʙʝʣʠʥʘ2L ( As=2AwallʠV=2LAwall )

,  

gen

s plane wall

e L
T T

h
¤= +
#

ɿʘʜʦʣʛ ʮʠʣʠʥʜʝʨʩʦ ʨʘʜʠʫʩr0 ( As=2pr0LʠV=pr0
2L )

0

,
2

gen

s cylinder

e r
T T

h
¤= +
#

ɿʘ ʩʬʝʨʘʩʦ ʨʘʜʠʫʩr0 ( As=4pr0
2ʠV=4/3pr0

3 )

0

,
3

gen

s sphere

e r
T T

h
¤= +
#
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ȎȰȸȰȻȳȻȫɔȰ ȸȫ ȽȹȺȶȳȸȫ ȭȹ ɁȭȻȼȽ ȷȫȽȰȻȳɒȫȶ 

-ȗȫȵȼȳȷȫȶȸȫ ȽȰȷȺȰȻȫȽȾȻȫ ȭȹ ɁȰȸȽȫȻȹȽ ȹȯ ɁȳȶȳȸȯȰȻ

ʊʦʧʣʠʥʘʪʘʰʪʦʩʝʛʝʥʝʨʠʨʘʚʦʚʥʘʪʨʝʰʥʠʦʪ

ʮʠʣʠʥʜʝʨʤʦʨʘʜʘʝʝʜʥʘʢʚʘʥʘʪʦʧʣʠʥʘʪʘ

ʰʪʦʩʝʩʧʨʦʚʝʜʫʚʘʧʨʝʢʫʥʝʛʦʚʘʪʘʥʘʜʚʦ-

ʨʝʰʥʘʧʦʚʨʰʠʥʘ.

r gen r

dT
kA e V

dr
- =#

ʉʦ ʟʘʤʝʥʠ ʠ ʨʘʟʜʚʦʿʫʚʘˁʝ ʥʘ ʧʨʦʤʝʥʣʠʚʠ, ʩʝ ʜʦʙʠʚʘ

( ) ( )22
2

gen

gen

edT
k rL e r L dT rdr

dr k
p p- = ­ =-

#
#

ʀʥʪʝʛʨʠʨʘˁʝ ʦʜ r =0 ʢʘʜʝT(0) =T0 to r=ro

2

0

max, 0
4

gen

cylinder s

e r
T T T

k
D = - =

#
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Â ʉʧʨʦʚʝʜʫʚʘˁʝʪʦʥʘ ʪʦʧʣʠʥʘʥʘ
ʤʘʪʝʨʠʿʘʣʦʪʚʦʮʝʣʠʥʘ,ʩʝʤʝʥʫʚʘʩʦ
ʪʝʤʧʝʨʘʪʫʨʘʪʘ.

Â ʇʨʦʩʝʯʥʠʚʨʝʜʥʦʩʪʠʥʘʢʦʝʬʠʮʠʝʥ-
ʪʠʪʝʟʘʩʧʨʦʚʝʜʫʚʘˁʝʥʘʪʦʧʣʠʥʘ,
ʥʘʿʯʝʩʪʦʩʝʢʦʨʠʩʪʘʪ,ʢʦʛʘʧʨʦʤʝʥʠʪʝ
ʩʝʤʘʣʠ.

Â ʆʚʘʝ,ʠʩʪʦʪʘʢʘ,ʚʦʦʙʠʯʘʝʥʘʧʨʘʢʩʘ
ʠʟʘʜʨʫʛʠʩʚʦʿʩʪʚʘʢʦʠʟʘʚʠʩʘʪʦʜ
ʪʝʤʧʝʨʘʪʫʨʘʪʘ,ʢʘʢʦhʪʦʩʝʛʫʩʪʠ-
ʥʘʪʘ,ʩʧʝʮʠʬʠʯʥʠʦʪʪʦʧʣʠʥʩʢʠ
ʢʘʧʘʮʠʪʝʪ,ʠ.ʪ.ʥ.

ȚȻȹȷȰȸȶȳȭ ȵȹȰȿȳɁȳȰȸȽ ȸȫ ȼȺȻȹȭȰȯȾȭȫɔȰ ȸȫ ȽȹȺȶȳȸȫ
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2

1

2 1

( )
T

T

ave

k T dT
k

T T
=

-

ñ

ʂʦʛʘʧʨʦʤʝʥʠʪʝʥʘʪʦʧʣʠʥʩʢʘʪʘʩʧʨʦʚʦʜʣʠʚʦʩʪʥʘʤʘʪʝʨʠʿʘʣʦʪʚʦ

ʟʘʚʠʩʥʦʩʪʦʜʪʝʤʧʝʨʘʪʫʨʘʪʘk (ʊ) ʝʧʦʟʥʘʪ,ʧʨʦʩʝʯʥʘʪʘʚʨʝʜʥʦʩʪʥʘ

ʢʦʝʬʠʮʠʝʥʪʦʪʥʘʩʧʨʦʚʝʜʫʚʘˁʝʥʘʪʦʧʣʠʥʘ,ʚʦʨʘʥʛʥʘʪʝʤʧʝʨʘʪʫʨʠ

ʧʦʤʝʺʫʊ1ʠʊ2ʤʦʞʝʜʘʩʝʠʟʨʘʟʠʢʘʢʦ:

ʇʨʦʤʝʥʠʪʝ ʥʘ ʢʦʝʬʠʮʠʝʥʪʦʪ ʥʘ ʩʧʨʦʚʝʜʫʚʘˁʝ ʥʘ ʪʦʧʣʠʥʘ, ʟʘ ʧʦʦʜ-

ʜʝʣʥʠ ʤʘʪʝʨʠʿʘʣʠ, ʯʝʩʪʦ ʤʦʞʘʪ ʜʘ ʩʝ ʠʟʨʘʟʘʪ ʩʦ ʨʘʚʝʥʩʪʚʦʪʦ, ʢʘʢʦ :

0( ) (1 )k T k Tb= +

b - ʪʝʤʧʝʨʘʪʫʨʝʥ ʢʦʝʬʠʮʠʝʥʪ ʟʘ ʩʧʨʦʚʝʜʫʚʘˁʝ ʥʘ ʪʦʧʣʠʥʘ 

ȚȻȹȷȰȸȶȳȭ ȵȹȰȿȳɁȳȰȸȽ ȸȫ ȼȺȻȹȭȰȯȾȭȫɔȰ ȸȫ ȽȹȺȶȳȸȫ
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Â ʂʦʛʘ,ʢʘʩʿʪʘʮʠʦʥʘʨʥʘʝʜʥʦ-ʜʠʤʝʥ-

ʟʠʦʥʘʣʥʘʨʘʟʤʝʥʘʥʘʪʦʧʣʠʥʘ,

ʢʦʝʬʠʮʠʝʥʪʦʪʥʘʩʧʨʦʚʝʜʫʚʘˁʝ

ʥʘʪʦʧʣʠʥʘʝʢʦʥʩʪʘʥʪʝʥ, ʚʦʨʘʤ-

ʥʠʥʘʥʘ̓ ʠʜʦʪʥʠʟʢʦʩʿʝʚʨʰʠ

ʧʨʝʥʦʩʥʘʪʦʧʣʠʥʘ,ʪʝʤʧʝʨʘʪʫ-

ʨʘʪʘʩʝʤʝʥʫʚʘʣʠʥʝʘʨʥʦ.

Â ʆʚʘʥʝʝ ʩʣʫʯʘʿʢʦʛʘʢʦʝʬʠ-

ʮʠʝʥʪʦʪʥʘʩʧʨʦʚʝʜʫʚʘˁʝʥʘ

ʪʦʧʣʠʥʘʥʝʝʢʦʥʩʪʘʥʪʝʥ, ʪ.ʝ. ʩʝ

ʤʝʥʫʚʘʚʦʟʘʚʠʩʥʦʩʪʦʜʪʝʤʧʝʨʘ-

ʪʫʨʘʪʘ(ʜʫʨʠʠʣʠʥʝʘʨʥʦ).

ȚȻȹȷȰȸȶȳȭ ȵȹȰȿȳɁȳȰȸȽ ȸȫ ȼȺȻȹȭȰȯȾȭȫɔȰ ȸȫ ȽȹȺȶȳȸȫ
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ȏȰȶ2b

ɼʀʌɽʈɽʅʎʀɱɸʃʅʀ ʈɸɺɽʅʂʀ ɿɸ 
ʉʇʈʆɺɽɼʋɺɸɳɽ ʅɸ ʊʆʇʃʀʅɸ

ʇʨʦʬ. ʜ-ʨ ɬʦʨʺʠ ʊʨʦʤʙʝʚ
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ȏȳȿȰȻȰȸɁȳɒȫȶȸȳ ȻȫȭȰȸȵȳ Ȳȫ ȺȻȹɁȰȼȳ ȸȫ 

ȼȺȻȹȭȰȯȾȭȫɔȰ ȸȫ ȽȹȺȶȳȸȫ

ɺʨʟʦʩʥʦʚʘʥʘʨʘʟʛʣʝʜʫʚʘˁʘʟʘʝʣʝʤʝʥʪʘʨʝʥ

ʚʦʣʫʤʝʥ,ʩʝʠʟʚʝʜʫʚʘʘʪʜʠʬʝʨʝʥʮʠʿʘʣʥʠʨʘʚʝʥʢʠ

ʟʘʦʧʠʰʫʚʘˁʝʥʘʧʨʦʮʝʩʠʪʝʥʘʩʧʨʦʚʝʜʫʚʘˁʝʥʘ

ʪʦʧʣʠʥʘ.

Oʜ ʚʘʞʥʦʩʪʝ ʠ ʚʠʜʦʪʥʘʪʝʨʤʦʜʠʥʘʤʠʯʢʠʪʝ

ʧʨʦʮʝʩʠʧʨʠʢʦʠʩʝʤʝʥʫʚʘʩʠʩʪʝʤʦʪ.
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ȏȳȿȰȻȰȸɁȳɒȫȶȸȳ ȻȫȭȰȸȵȳ Ȳȫ ȺȻȹɁȰȼȳ ȸȫ 

ȼȺȻȹȭȰȯȾȭȫɔȰ ȸȫ ȽȹȺȶȳȸȫ

ɿʘʚʨʰʥʠʦʙʣʠʮʠʥʘʜʠʬʝʨʝʥʮʠʿʘʣʥʠʪʝʨʘʚʝʥʢʠ

ʩʝʥʘʚʝʜʫʚʘʘʪʟʘʜʝʢʘʨʪʦʚʢʦʦʨʜʠʥʘʪʝʥ

ʩʠʩʪʝʤ,ʩʦʪʦʘhʪʦʜʠʬʝʨʝʥʮʠʿʘʣʥʠʪʝʨʘʚʝʥʢʠ

ʩʝʠʟʚʝʜʫʚʘʘʪʠʟʘʢʦʦʨʜʠʥʘʪʥʠʩʠʩʪʝʤʠʩʦ

ʮʠʣʠʥʜʨʠʯʥʠʠʧʦʣʘʨʥʠʢʦʦʨʜʠʥʘʪʠ.
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ȏȳȿȰȻȰȸɁȳɒȫȶȸȳ ȻȫȭȰȸȵȳ Ȳȫ ȺȻȹɁȰȼȳ ȸȫ 

ȼȺȻȹȭȰȯȾȭȫɔȰ ȸȫ ȽȹȺȶȳȸȫ

Â
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ȏȳȿȰȻȰȸɁȳɒȫȶȸȳ ȻȫȭȰȸȵȳ Ȳȫ ȺȻȹɁȰȼȳ ȸȫ 

ȼȺȻȹȭȰȯȾȭȫɔȰ ȸȫ ȽȹȺȶȳȸȫ

Â
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ȏȳȿȰȻȰȸɁȳɒȫȶȸȳ ȻȫȭȰȸȵȳ Ȳȫ ȺȻȹɁȰȼȳ ȸȫ 

ȼȺȻȹȭȰȯȾȭȫɔȰ ȸȫ ȽȹȺȶȳȸȫ

Â
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ȏȳȿȰȻȰȸɁȳɒȫȶȸȳ ȻȫȭȰȸȵȳ Ȳȫ ȺȻȹɁȰȼȳ ȸȫ 

ȼȺȻȹȭȰȯȾȭȫɔȰ ȸȫ ȽȹȺȶȳȸȫ

Â
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ȏȳȿȰȻȰȸɁȳɒȫȶȸȳ ȻȫȭȰȸȵȳ Ȳȫ ȺȻȹɁȰȼȳ ȸȫ 

ȼȺȻȹȭȰȯȾȭȫɔȰ ȸȫ ȽȹȺȶȳȸȫ

Â
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ȏȳȿȰȻȰȸɁȳɒȫȶȸȳ ȻȫȭȰȸȵȳ Ȳȫ ȺȻȹɁȰȼȳ ȸȫ 

ȼȺȻȹȭȰȯȾȭȫɔȰ ȸȫ ȽȹȺȶȳȸȫ

Â
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ȏȳȿȰȻȰȸɁȳɒȫȶȸȳ ȻȫȭȰȸȵȳ Ȳȫ ȺȻȹɁȰȼȳ ȸȫ 

ȼȺȻȹȭȰȯȾȭȫɔȰ ȸȫ ȽȹȺȶȳȸȫ

Â
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ȏȳȿȰȻȰȸɁȳɒȫȶȸȫ ȻȫȭȰȸȵȫ Ȳȫ ȺȻȹɁȰȼȳ ȸȫ ȼȺȻȹȭȰȯȾȭȫɔȰ ȸȫ 

ȽȹȺȶȳȸȫ ȵȫɒ ȭȳȼȹȵȹȳȸȽȰȸȲȳȭȸȳ ȸȰȼȽȫɁȳȹȸȫȻȸȳ  ȺȻȹɁȰȼȳ

Â
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ȏȳȿȰȻȰȸɁȳɒȫȶȸȫ ȻȫȭȰȸȵȫ Ȳȫ ȺȻȹɁȰȼȳ ȸȫ ȼȺȻȹȭȰȯȾȭȫɔȰ ȸȫ 

ȽȹȺȶȳȸȫ ȵȫɒ ȫȸȳȲȹȽȻȹȺȸȳ ȼȻȰȯȳȸȳ

Â
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